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Abstract
Let PN be a projective space over an algebraically closed 1eld of characteristic zero. Let
X ⊂PN be a closed, irreducible subvariety, not lying on a hyperplane. The kth higher secant
variety of X , denoted X k , is the closure of the union of all linear spaces spanned by k points of
X . We prove that I(X k), the homogeneous ideal of X k , is contained in the kth symbolic power
of I(X ). As a consequence, X k lies on no hypersurface of degree less than k + 1. Furthermore,
if X is a curve, and deg X k = k + 1, we prove that X is a rational normal curve. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: 14N25; 14N05; 14H45
1. Introduction
Let X ⊂PN be a closed irreducible subvariety of projective space. Assume that the
ground 1eld is algebraically closed and of characteristic zero. The kth higher secant
variety of X , denoted X k , is the (Zariski) closure of all linear spaces spanned by k
points of X .
In recent years, many authors have studied the dimensions of the X k (cf. [2,3,8,12])
determining the possible values of dim X k in general and under additional smooth-
ness conditions on the X k . In many cases, they have classi1ed examples where the
dimensions are extremal with respect to these bounds.
In this paper we prove that I(X k) is contained in the kth symbolic power of I(X ).
This has as a corollary the result announced in [6], where a proof by M. Catalisano
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appears, that X k lies on no hypersurface of degree less than k + 1. In addition, this
can be used to prove the corollary that deg X k ≥ k + 1.
Finally, we show that the only curves for which deg X k = k +1 are rational normal
curves. The proof establishes a separate result of independent interest, that if X ⊂P2k−1
is a non-degenerate curve and through a general point of P2k−1 there passes a unique
k-secant (k − 1)-plane to X , then X is a rational normal curve. The key to the proof
is an observation of Zak that there should be a tight connection between whether
the projection of a variety X from a general tangent plane to X k−1 is birational, and
whether there are multiple k-secant (k− 1)-planes to X through a general point of X k .
The author would be very interested in learning to what extent the special arguments
made here for a restricted class of curves can be generalized to arbitrary varieties of
higher dimension.
We 1rst establish some basic de1nitions and results on higher secant varieties and the
join monoid. We refer the reader to [1], where the join monoid was 1rst systematically
applied to the study of higher secant varieties, for details. Let P denote a projective
(or aHne) space over an algebraically closed 1eld of characteristic zero. Let Var(P)
denote the set of closed, irreducible subvarieties of P. If X; Y ∈ Var(P) are non-empty,
then the join of X and Y , denoted XY , is the closure of the union of all linear spaces
spanned by a point of X and a point of Y . By convention, we set XY = Y for all Y if
X is empty. This multiplication makes Var(P) into a commutative monoid, called the
join monoid. The kth power of X in the join monoid is called the kth higher secant
variety of X . What is usually called the secant variety of X is what we denote as X 2.
If L⊂P is a (possibly aHne) linear subspace of dimension m, and P=L denotes the
projective space of (m+1)-dimensional (possibly aHne) subspaces of P containing L,
then the projection of X ∈ Var(P) from L is the closure of the set
{xL | x ∈ X; x ∈ L}⊂P=L
and is denoted L(X ). The map L : Var(P)→ Var(P=L) is a monoid homomorphism.
For any X ∈ Var(P), the set of points
Vert (X ):={z ∈ P | zX ⊂X }
is called the vertex of X . The vertex of X is linear, and if it is not empty X is called
a cone.
For a smooth point x ∈ X , we denote the tangent plane to X at the point x by
Tx;X . The following classical lemma is useful in reducing many questions about joins
of varieties to questions about how their general tangent planes meet.
Lemma 1.1 (Terracini’s Lemma). If X; Y ∈ Var(P) and z is a general point of XY;
then for any x ∈ X and y ∈ Y such that z ∈ xy; we have that Tz;XY = Tx;X Ty;Y .
Proof. Cf. [5] for a proof in modern language.
If X ∈ Var(P) has dimension n, then a simple dimension count shows that dim X k ≤
k(n+ 1)− 1, and if equality holds, then through a general point of X k there passes a
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1nite number of k-secant (k − 1)-planes. In this case, let seck(X ) denote the number
of such (k − 1)-planes.
We denote by J (k)X ⊂PkN+(k−1) the non-embedded k-fold join of X with itself,
which is the join of k copies of projectively equivalent embeddings of X in linearly
independent copies of PN inside PkN+(k−1). There is a natural rational map  : J (k)X →
X k . We note that if this map is rami1ed and 1nite in a neighborhood of a point z not
on the big diagonal ⊂PkN+(k−1), and (z) is a normal point of X k , then seck(X )¿ 1.
2. I(X k)⊂ I(X )(k)
If X is not contained in any hyperplane, we say that X is non-degenerate. The ideal
(homogeneous if P is a projective space) of a subvariety Z ⊂P is denoted I(Z). The
kth symbolic power of an ideal I in a polynomial ring over a 1eld of characteristic
zero is the ideal of all polynomials all of whose (k − 1)th order partial derivatives are
elements of I . We denote it by I (k). The main result of this section is the following.
Theorem 2.1. If X ∈ Var(P) is non-degenerate; then I(X k)⊂ I(X )(k).
Proof. As our 1rst step, we observe that, replacing (X;P) with (X − H;P − H) if
necessary, we may assume that P is an aHne space. Let f ∈ I(X k) be a non-zero
polynomial. We must show that f and all its partial derivatives up to order (k − 1)
vanish on X . Let q be a general point of X . Since X is non-degenerate, we can 1nd
a set  of N + 1 linearly independent points containing q.
We choose coordinates so that q becomes the origin and the remaining points of 
become the standard basis vectors. Clearly I(X k)⊂ I(k). Since k contains all the
linear subspaces spanned by q and any further (k − 1) points of − q, we have that
I(k)⊂ J =
⋂
S⊂{x1 ;:::;xN};|S|=k−1
IS ;
where the intersection is over all subsets of the variables of size k − 1 and IS is the
ideal generated by all variables xi ∈ S.
Each IS is a monomial ideal, hence if f ∈ J , then so are all of the monomials of f.
Let m be one such monomial. If deg (m) ≤ k− 1, then there are at most k− 1 distinct
variables xi dividing m. Let S be a set of size k − 1 containing all such variables.
Clearly m ∈ IS , so f cannot contain a monomial of degree less than k. Consequently,
all derivatives of f up to order k − 1 vanish at q. Since q was a general point of X ,
the statement is proved.
As a corollary, we have the following result, connecting the degrees of forms in
I(X k) with those in I(X ).
Corollary 2.2. If X ⊂P is an irreducible subvariety lying on no hypersurface of
degree ≤ d ∈ N; then X k lies on no hypersurface of degree ≤ d+ k − 1.
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Proof. Let F be a de1ning equation of a hypersurface containing X k . Since X is
non-degenerate, by Theorem 2.1, F and all its partial derivatives up to order k − 1
vanish on X . Therefore deg F ≥ k (or else a non-zero constant would vanish on X ).
Let G be an order k − 1 partial derivative of F which is not identically zero. Since
G ∈ I(X ), by hypothesis, deg G ≥ d+ 1, so deg F ≥ d+ k.
Furthermore, setting d = 1 proves the following result, announced in [6], where a
diJerent proof appears by M. Catalisano. We note that the latter argument, based on
the study of how a hypersurface containing X k must intersect a k plane spanned by
k + 1 general points of X , while suHcing to prove Corollary 2.3, is not enough to
establish the relationship of Theorem 2.1.
Corollary 2.3. If X ⊂PN is non-degenerate; X k lies on no hypersurface of degree
≤ k.
Finally, projecting from a general codimension dim X k − 1 linear space, and using
the fact that projection is a monoid homomorphism of join monoids gives the following
result.
Corollary 2.4. If X ⊂PN is non-degenerate; deg X k ≥ k + 1.
3. Curves C for which deg Ck = k + 1
To indicate the sharpness of the bound of Corollary 2.3, let C be a rational normal
curve in P2k . We may choose coordinates so that I(C) is generated by the 2×2 minors
of the matrix(
x0 x1 : : : x2k−1
x1 x2 : : : x2k
)
:
As observed in [11,7], the kth secant variety of C is then the hypersurface de1ned by
the vanishing of the determinant of the (square) matrix

x0 x1 : : : xk
x1 x2 : : : xk+1
...
. . .
...
xk xk+1 : : : x2k


and satis1es degCk = k + 1. The remainder of this section is devoted to proving
that this characterizes rational normal curves of even degree. That is, C ⊂PN is a
non-degenerate curve with degCk = k + 1 if and only if N = 2k, Ck is a hypersurface
and C is a rational normal curve.
For the remainder of this section, PN will denote a projective space and C will
denote a curve, that is, an element of Var(P) of dimension one.
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Lemma 3.1. If C ⊂PN is non-degenerate; dimCk =min{2k − 1; N}.
Proof. Cf. [10,9,12,7,1].
This lemma shows in particular that when N ≥ 2k − 1 and C is non-degenerate, the
numbers seck(C) are well de1ned. As the following lemma shows, only one of these
numbers is non-trivial for curves.
Lemma 3.2. If C ⊂PN is a non-degenerate curve and 2k − 1¡N; then seck(C) = 1.
Proof. (Cf. [4] where the k = 2 case is proved.) Assume that seck(C)¿ 1. By Ter-
racini’s Lemma, we may 1nd a k-secant (k − 1)-plane L such that for a non-empty
open subset U ⊂L and for all z ∈ U , there are exactly seck(C) k-secant (k−1)-planes
through z, and for any one of them, say x1x2 · · · xk where xi ∈ C, we have that
Tz;Ck = Tx1 ;C · · ·Txk ;C :
Let S ⊂C be the subset of points at which the k-secant planes through points of U
meet C. By construction, for x ∈ S, we must have Tx;C ⊂Tz;Ck . If dim S = 1, then a
general tangent plane to C must be contained in Tz;Ck and therefore C ⊂Tz;Ck . But since
dim Tz;Ck = dimCk = 2k − 1¡N , this contradicts our assumption of non-degeneracy.
We may now prove our main result.
Theorem 3.3. If C ⊂PN is a curve and degCk = k + 1; then C is a rational normal
curve of degree 2k.
Proof. Restricting to the linear span of C, we may assume that C is non-degenerate.
By Lemma 3.1, dimCk = 2k − 1 (or else Ck is linear and therefore has degree one.)
For N ≥ 2k + 1, by projecting from a general codimension 2k + 1 plane in PN , we
obtain a curve C′⊂P2k where (C′)k is a hypersurface of degree k + 1. If suHces
to show that C′ is a rational normal curve. In fact, doing so will show that such a
projection was unnecessary. So from here on, we assume that C ⊂P2k and that Ck is
a hypersurface of degree k + 1.
By Theorem 2.1, the de1ning equation of Ck vanishes to order k along C. Because
of this, projecting from a general point p ∈ C maps Ck birationally onto P2k−1. Since
by Lemma 3.2, seck(C) = 1, this means that seck(p(C)) = 1. Since C is a rational
normal curve if and only if p(C) is as well, the proof will be complete when we
establish the following result, of interest in its own right.
Theorem 3.4. Let C ⊂P2k−1 be a non-degenerate curve. Then seck(C)=1 if and only
if C is a rational normal curve.
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Proof. One direction is easy. If C ⊂P2k−1 is a rational normal curve, then any 2k
points of C are linearly independent. But if seck(C)¿ 1, then for any general point
p ∈ Ck there would be 2 disjoint sets of points {x1; : : : ; xk} and {y1; : : : ; yk} on C
such that p ∈ x1 : : : xk ∩ y1 : : : yk , and therefore these 2k points are not independent.
For the other direction, we require a few lemmas.
Lemma 3.5. Let C ⊂P2k−1 be a curve satisfying Ck =P2k−1 and seck(C) = 1. Then
the span of (k − 1) general tangent planes of C meets C in a scheme of degree
2k − 2; and in particular; does not meet C anywhere outside the points of prescribed
tangency.
Proof. Let p1; : : : ; pk−1 be general points of C. We 1rst observe that the local inter-
section multiplicity of C with
T = Tp1 ;C : : : Tpk−1 ;C
at each pi is two. Indeed, if this were not so, then projection from a general Tp1 ;C : : :
Tpk′−1 ;C for some k
′¡k would result in a curve C′ for which every tangent is inLec-
tional, which is impossible.
Now suppose that q ∈ T ∩ C and that q = pi for any 1 ≤ i ≤ k − 1. Since a
general k − 1 secant is not a k-secant, we may assume that L = p1p2 : : : pk−1q is a
(k − 1)-plane. Let z ∈ L be a general point.
By Terracini’s Lemma, the map  : J (k)C → Ck=P2k−1 is rami1ed over z (d does
not have full rank) and since P2k−1 is normal (smooth in fact) this means that either
 is a multiple branched cover locally over z or the map  blows down a positive
dimensional subvariety of J (k)C to z.
In the latter case, z lies on in1nitely many k-secant (k − 1)-planes, and since the
generality of the p’s and z mean that z ranges over a (2k − 2)-dimensional set, and
since dim J (k)C = 2k − 1, this would imply dimCk ≤ 2k − 2, a contradiction. Hence
 must, for any point over z, be locally a branched multiple cover of P2k−1, and
seck(C)¿ 1.
Lemma 3.6. Let C ⊂P2k−1 be a non-degenerate irreducible curve and suppose that
seck(C) = 1. If
T = Tp1 ;C : : : Tpk−1 ;C
is a general tangent plane to Ck−1; then the projection T : C → P1 is a birational
map.
Proof. If T is not birational, it must be rami1ed somewhere, since P1 has no un-
branched multiple covers. Let q ∈ C be such a point where T is rami1ed. From Lemma
3.5, q ∈ T , and since the map is rami1ed, Tq;C∩T is non-empty and dim Tq;CT=2k−2.
Let z ∈ p1p2 : : : pk−1q be a general point of the (k−1)-plane. By Terracini’s Lemma,
the diJerential of the projection map  : J (k)C → Ck has less than full rank at any
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point z′ over z. Again, since Ck = P2k−1 is normal, either  blows down a positive
dimensional subvariety to z or  is locally a multiple sheeted branched cover of Ck
at z. A dimension count identical to that of Lemma 3.5 rules out the 1rst case. In the
second case, seck(C)¿ 1, contradicting our hypothesis. Therefore, T is birational.
Conclusion of Proof of Theorem 3.4. By Lemma 3.6, C is rational. By Lemma 3.5,
deg (C) = deg (C ∩ Tz;Ck−1 ) + 1 = 2k − 1, where z is a general point of Ck−1. Hence
C is a rational normal curve.
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